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ABSTRAK

Penelitian ini bertujuan untuk mendeskripsikan proses berpikir siswa SMA yang ditinjau dari sikap terhadap
matematika dalam menyusun pembuktian dengan induksi matematika. Penelitian kualitatif ini melibatkan
dua siswa yang dipilih dari 30 siswa kelas 11 SMA yang dikategorikan menjadi dua kelompok, yaitu siswa
yang memiliki sikap positif dan negatif terhadap matematika dengan menggunakan angket Attitude Toward
Mathematics Inventory (ATMI). Satu siswa dari setiap kategori dipilih untuk diberikan tes pembuktian dan
diwawancarai. Hasil tes pembuktian dan rekaman wawancara dikumpulkan dan dianalisis untuk
mengidentifikasi proses berpikir mereka. Penelitian ini menunjukkan bahwa baik siswa yang memiliki sikap
positif maupun negatif terhadap matematika bisa memanggil informasi yang ada di memorinya mengenai
ciri-ciri serta langkah-langkah membuktikan menggunakan induksi matematika. Akan tetapi, siswa yang
memiliki sikap negatif terhadap matematika cenderung mengalami kesulitan dalam memproses informasi,
terutama dalam tahap langkah induksi yang disebabkan oleh rasa panik, tertekan, dan rasa tidak percaya diri.
Siswa yang memiliki sikap positif terhadap matematika juga mengalami beberapa kesulitan dalam poses
pembuktiannya, yaitu pada saat memahami apa yang harus dibuktikan dan saat menyusun langkah induksi.
Akan tetapi, ia terus mencoba dan percaya bahwa dia pasti bisa menyelesaikannya. Sehingga, ia pun dapat
menyelesaikan pembuktian dengan lengkap.

Kata Kunci: Induksi Matematika, Pembuktian, Proses Berpikir, Sikap terhadap Matematika

ABSTRACT

This research aims to describe secondary-level students' thinking processes in terms of their attitude toward
mathematics in constructing proof by mathematical induction. This qualitative research involved two
students who were selected from 30 students of second grade of senior high school that categorized into two
groups, namely the students who have a positive and negative attitude toward mathematics by using Attitude
Toward Mathematics Inventory (ATMI) questionnaire. One student from each category was selected to be
given a proving test and interviewed. Students’ process of proving test and interview recording were
collected and analyzed to identify their thinking process. This research points out that both students who
have positive and negative attitudes towards mathematics can recall the information in their memory
regarding the characteristics and steps to prove using mathematical induction. However, the student who has
negative attitudes towards mathematics tends to experience some difficulties in processing information,
especially in the induction step, caused by panic, depression, and insecurity. The student who has a positive
attitude towards mathematics also experiences some difficulties in the proving process, namely
understanding what to prove and compiling the induction steps. However, she keeps trying and believes that
she would be able to solve it. Hence, she can solve the proof completely.
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INTRODUCTION

A process to show the truth of a mathematical proposition deductively using a valid
argument is called mathematical proving (Doruk, 2019). It is recognized as an essential aspect of
mathematics education because it involves deductive and logical reasoning that increases students'
comprehension in mathematics, critical thinking, and argumentation (Cyr, 2011; Hemmi &
Lofwall, 2010; Warli, Cintamulya, & Rahayu, 2020). It is also able to improve problem-solving
and mathematical communication skills. It can show who understands mathematics deeply because
it involves high-order thinking skills in building ideas and expressing them logically and
systematically to construct the proof (Guler, 2016; Pantaleon, Juniati, Lukito, & Mandur, 2018).

Mathematical proof consists of direct and indirect proof methods and mathematical induction
(Adinata, Budiyono, & Indriati, 2020). Mathematical induction is considered one of the most
powerful tools for proving some mathematical statements or expressions regarding discrete
mathematics (Ahmadi, Kusumah, & Jupri, 2019; Ashkenazi & Itzkovitch, 2014). It is a
mathematical proof technique to prove formally that a particular property holds for all natural
numbers. It starts to be taught at a senior secondary level that is usually used to prove a
mathematical statement in sequence, inequality, and division (Adinata et al., 2020; Relaford-doyle,
2020). It consists of two steps: the base and the induction step. The base step shows that the
property holds for some initial value, typically n = 1. Then, the inductive step shows that if the
property holds for some arbitrary value k, it also hold for its successor, k + 1. The Axiom of
Induction (one of the Dedekind-Peano axioms of natural number) follows that the property is valid
for all natural numbers (Relaford-doyle, 2020).

To implement mathematical induction to prove a particular claim, students have to carry out
some steps successfully. They are identifying the predicate P(n), establishing the base step, stating
and distinguishing between P(k) and P(k + 1), and the last one is establishing the inductive step
from P (k) to P(k + 1) (Cooper, 2019). The core of deduction in the proof lies in establishing the
induction step (Relaford-doyle, 2020).

Mathematical induction material is essential to be studied by students because it can develop
inductive and deductive conclusions (Adinata et al., 2020). For the importance of mathematical
induction in mathematics education, there is a lot of research exists about this topic, but there is
nearly no research about how the thinking process of secondary students in proving by
mathematical induction. Adinata et al. (2020), Ahmadi et al. (2019), Ashkenazi and ltzkovitch
(2014), and Hasan (2016) are some researchers that conducted studies related to mathematical
induction.

The thinking process has an important role in mathematical activity, such as mathematical
problem solving and mathematical proving (Widyastuti, 2015). It is a mental activity that occurs in
one’s mind to process the information they received (Isroil, Budayasa, & Masriyah, 2017; Mudhiah

& Amin, 2020). Mudhiah and Amin (2020) explain that the thinking process involves four stages:
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(1) receiving information, that is obtaining specific information from the environment for further
processing; (2) processing information, which is an effort to link previous knowledge with the
information received; (3) storing information, that is maintaining information received and
retaining previous knowledge in memory; and (4) recalling information, that is remembering
information received and remembering previous knowledge.

In doing mathematics, everyone has a different thinking process because they have different
ways of processing information (Ngilawajan, 2013). Some factors cause the difference of one's
thinking process in doing mathematics from another. One of them is a cognitive factor, which is
considered as the main factor of one's thinking process. Some mathematicians believe that
mathematical activity has strong interaction between cognitive and emotional aspects, such as their
attitude toward mathematics (Martino & Zan, 1992). A positive attitude toward mathematics is
connected to students’ success in mathematics which the success is never separated from their
thinking process in doing mathematics (Martino & Zan, 1992). In this way, we can see the
relationship between attitude toward mathematics to the thinking process because the thinking
process also affected by emotional aspects such as enjoyment of mathematics, motivation to do
mathematics, self-confidence in mathematics, and perceived value of mathematics, which are part
of attitude toward mathematics (Lim & Chapman, 2013; Tapia, 1996).

This study is discussing about the thinking process of secondary level students in
constructing proof by mathematical induction in terms of their attitude toward mathematics. Hasan
(2016) discussed the thinking process of university students in constructing mathematical induction
proof. However, it used a different thinking process theory with the one in this study, involved
university student as its subjects, and did not discuss about attitude toward mathematics as in this
study. Isroil et al. (2017) discussed the thinking process of junior high school students on problem
solving in terms of mathematical abilities. Mudhiah and Amin (2020) also discussed the same topic
but different point of view. The thinking process used in both study is the same as the one in this
study, but they discussed problem solving while this research discussed about proving. Apart from
that, the research subjects are also different.

There are also some relevant researches on attitude toward mathematics, but most of them
are quantitative research, whereas according to Martino and Zan (1992) attitude is a qualitative
thing and needs to be studied in depth because there are many aspects of attitude that cannot be
quantified. The position of this research among the researches that have been done is to adapt the
theory of thinking process to construct thinking process indicator and adopt questionnaire to
classify students ‘attitude toward mathematics, then qualitatively examine how the role of the
attitude in students' thinking processes when constructing mathematical induction proof because
there are still very few studies that discuss this.

From the background, it is necessary to study the thinking process of secondary level

students in constructing proof by mathematical induction in terms of student's attitudes toward
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mathematics. This research aims to describe secondary-level students' thinking processes with

various attitudes toward mathematics in constructing proof by mathematical induction.

METHOD

This case study involved two students that selected from 30 students in one of private
senior high schools in Pamekasan, East Java. They were grouped based on their attitude toward
mathematics, positive and negative, known through the Questionnaire of Attitude Toward
Mathematics Inventory (ATMI) adopted from Lim and Chapman (2013). The questionnaire
consisted of 40 items that measure four aspects: enjoyment of mathematics (ENJ), motivation to do
mathematics (MOT), self-confidence in mathematics (SC), and perceived value of mathematics
(VAL) which containing 10, 5, 15, and 10 items, respectively (Lim & Chapman, 2013). Sample
statements of each aspect are displayed in Table 1.

Table 1. Sample Statements of the Attitude Aspects

Attitude aspects Sample Statements

e | geta great deal of satisfaction out of solving a mathematics problem.
Enjoyment e | have usually enjoyed studying mathematics in school.
e Mathematics is dull and boring.*

e | would like to avoid using mathematics in university.*.
Motivation e | plan to take as much mathematics as | can during my education.
e The challenge of mathematics appeals to me

e My mind goes blank and I am unable to think clearly when working with
mathematics.*
Self-confidence o | am able to solve mathematics problems without too much difficulty
e | believe I am good at solving mathematics problems.

e Mathematics is a very worthwhile and necessary subject.
Value e | believe studying mathematics helps me with problem-solving in other areas.
e A strong mathematics background could help me in my professional life.

Note: (*) unfavourable item

All statements composing attitude aspects were scored on a 5-point scale ranging from 5 =
strongly agree to 1 = strongly disagree. At this point, negative items were scored in the reverse
order. The student with a negative attitude toward mathematics is the one who has a total score of
40-120, and the positive one is the one who has a total score of 121-200. A student from each
category was selected and they were given a proving test as the representatives. The consideration
in choosing the two subjects is based on their ability in mathematics and their gender. Ability in
mathematics and gender may affect the thinking process of the students. So, we control them
because we want to focus on how attitude toward mathematics affect their thinking process in
constructing mathematical induction proofs. By having consultation with their mathematics
teacher, we selected those who are good in mathematics, having relatively the same ability, and

having good communication (to make it easier to collect data during the interview). We selected
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those who are good in mathematics because proving needs good mathematics skill. The given proof
task consisted of two problems as follow:

1. Provethatl+ 2+ 3 + - +n = 204

, for all n element of natural number.

2. Prove that the sum of n consecutive cubic natural number is equal to the square of the sum

of n consecutive natural number.

The two problems have different levels of difficulty. The first problem is presented in a
mathematical expression while the second one is presented in a sentence. It means that the second
problem requires more understanding in order to be able to present it in a mathematical expression.
It is also more complex than the first one. It requires more comprehension and carefulness in
constructing the induction step and relating it to the first problem because it has a relationship with
the first one. The two problems have been consulted with an expert related to the construction of
the problems, materials, level of difficulties, and language in the problems.

After the research subjects finished the proving test, then we did the recorded interviews.
The interview data were analyzed qualitatively by making a transcript, reducing data, displaying
data, and finally drawing conclusions. The interview data were analyzed based on the indicator of
thinking process that adapted from research of Fauziyah (2020), Isroil et al. (2017), and Mudhiah &
Amin (2020). Even though the thinking process indicators were used in problem-solving, but we
use them in proving because Furinghetti and Morselli (2009) made a connection between proof and
problem-solving by considering proof as a particular case of problem-solving, and even Hemmi
and Lofwall (2010) argued that these two activities are the same. So, we adapted their thinking
process indicators to be used in this study. The thinking process indicators were also used as
interview guidelines in obtaining information about how the students receive, store, recall, and
process information in every stage (understanding, planning, carrying out, and looking back). We

also asked their feeling when they working with the proof problems.

RESULT AND DISCUSSION

Based on the ATMI Questionnaire, we found that there are 9 students with a positive
attitude and 21 students with a negative attitude toward mathematics. From the data, we selected
one student from each category with the same gender, having good mathematical ability, and good
communication. By having consultation with the teacher, we selected them based on the criteria,
and we get one female student with positive attitude toward mathematics (S1) and one female
student with negative attitude toward mathematics (S2). They were given a proving test and
interviewed to know their thinking process in proving by mathematical induction. The data of their

thinking process are as follows.
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Thinking Process of Student with Positive Attitude toward Mathematics (S1)

On the first problem, S1 began the proof by understanding what she needs to prove. At this
stage, she received information by reading the task sheet and stored the information by reading the
task and paraphrasing in her language what she had to prove. Then she recalled information in her
memory if she had encountered a similar problem. She stated that she had ever encountered a
similar problem, namely proving the series formula in the chapter on mathematical induction. Then
she processed information by associating the information in the sheet task with the information she

remembered. Finally, she understood that what she needs to do was proving the formula in the

sheet task.
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Figure 1. S1's Proving for the First Problem

S1 was interested in proving it because she was familiar with this formula. She often
encountered it, but she has never proven it. That is why she was very interested in proving it. Based
on the ATMI questionnaire, it was noted that S1 had considerable motivation in mathematics. She
felt that the mathematics problems were quite interesting.

R : "Do you think that this problem is interesting?"
S1 : "Yes, it is interesting, but when it got to the algebra it was a bit confusing."”
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S1 continued to devise a plan in constructing the proof. She recalled information about the
proof method by concerning the characteristics of what to be proven, namely proof using
mathematical induction, as the problem is dealing with a natural number. She also mentioned the
steps of the proof method, which includes the base and the induction step. Furthermore, S1
processed information by connecting this knowledge with the proof problem by stating P (n).

nk+1
P(n):1+2+3+~-~+n=¥
R : "Are you sure that this problem of proof can be solved using mathematical
induction?"
S1 2 "Yes, sure.”

S1 had a high enough self-confidence. She felt confident in her plans because this problem
is familiar to her. She encountered the same problem quite often. She also felt comfortable
expressing her ideas to solve this proof problem. Mazana, Montero, and Casmir (2019) argue that
students with high self-confidence believe in their abilities to be successful in learning
mathematics, thus overcoming the fear of failing.

At the stage of carrying the plan out, S1 recalled information by explaining how to compile
the base step. “In compiling the base step, we only need to substitute the value of n =1 to the
equation” she said. S1 then processed this information by applying it directly to the equation, and
she found equality.

So, S1 concluded that the base step was proven to be true. Since the base step was proven
to be true, S1 continues to the induction step. S1 recalled information about how to construct the
induction step, that is, by assuming P(k) is true, then P(k + 1) is also true. Furthermore, she
processed the information by stating P(k) and P(k + 1) and arranging the induction step according
to the steps mentioned earlier.
k(k+1)

2
(k+1)(k+2)
2
S1 : Assume that the formula holds for n=k, it meansthat 1 + 2 +3 + -+ k =

@ is true. From this statement I will prove that it holds as well for n=k+1, that

P(k):1+2+3+ - +k=

Pk+1):1+2+3++(k+1) =

iS 14243+ + (k +1) = LD

Next, S1 added up the two segments of P(k + 1) with k + 1. She did some algebraic
operations on the equation, but then she got stuck because the equation she got was not suitable for
what she needed. So, she checked again the process she had done, and she realized that there was
an error in it. What she should add with k + 1 are the two sides of P(k), not P(k + 1).

S1 repeated the induction step by adding both sides of P(k) with k + 1, equating the

denominator, performing the algebraic operation on the right-hand side, and factorizing the
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numerator. She found that this form gotten is the same as P(k + 1). This means that P(k + 1) is

n(n+1)

true. Finally, she can conclude that 1 + 2+ 3+ -+ n = — is proven to be true.
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Figure 2. S1's Proving for the Second Problem

At the looking-back stage, S1 processed the information she had written. She checked
every step she did if there is something wrong, and checked if the proof she constructed was logical
and following her previous knowledge. She also rechecked the truth of some crucial parts in
proving by mathematical induction, such as algebraic operation in induction step. She found that
there is no error in it, and she concluded surely that the formula is proven to be true.

On the second problem, S1 began the proof by understanding what she needs to prove. At
this stage, S1 received information by reading the task sheet and stored the information by reading
the problem repeatedly and paraphrasing in her own language what she needed to prove. Then she
recalled information in her memory if she had encountered a similar problem. She stated that she
had ever encountered a similar problem, namely proving the series formula in the chapters on
mathematical induction. Then she processed information by associating the information in the sheet
task with the information she remembered, and she tried to state the statement in a mathematical

expression.
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In stating the statement in a mathematical expression, she had difficulty because she
usually encounters proof in a mathematical sentence. She is sometimes confused in differing the
words ‘sum of the squares’ and ‘squares of the sum’. She devised a strategy to distinguish which
one to prove,

13 +224+33+-4+n3=12+22+3%2+-+n? (1)
or
134+23 433+ +n3=(1+2+3+-+n)? 2

S1 wrote down the two formulas, read the problem slowly, and matched them with the two
equations. Then she assumed that what meant by the problem in equation (2). To make her even
more sure, she substituted n = 1, 2, 3 to the equation, and she found equality. So S1 decided surely
that the expression to be proven is equation (2).

After deciding which formula to prove, S1 continued to devise a plan. At this stage, she
processed the information obtained from the task to determine the proof method by concerning the
characteristics of this problem of proof. She decided to prove the problem using mathematical

induction because this proof related to natural numbers.

R : "What is your reason for proving using mathematical induction? Is there a
unique feature?"
S1 : "Yes, there is a special feature. What we want to prove related to natural

numbers. My teacher said that if it is related to natural numbers, the proof
method is mathematical induction."”
S1 also succeeded in retrieving information about the steps of the proof method by

mathematical induction, which includes the base and the induction step. Then S1 processes the
information by connecting it with the proof problem by stating P(n).
P(n):13+23+33+-+n3=(1+2+3+-+n)?

At the stage of carrying out the plan, S1 recalled information about compiling the base step
and explaining it. "In compiling the base step, we only need to substitute the value of n =1 to
P(n)," she said. Furthermore, she processed the information by applying it directly to the equation
and she found equality. So the base step was proven to be true.

Then she continued to the induction step. She recalled information about how to construct
the induction step; assuming P(k) is true, then P(k + 1) is true, followed by processing the
information by stating P(k) and P(k + 1) and arranging the induction step according to the steps
mentioned earlier.

P(k):13+23+33+ -+ k3=(1+2+3+-+k)?
PUe+1):13 +23 433 + 4+ (k+1)3 = (14243 + -+ (k+1))°

In the induction step, S1 was having difficulties again. Based on her experience, in proving
the formula for a series, she only needs to add the two sides of P(k) with the (k + 1)-th term.
However, the right-hand side of P(k) is the square of a series, so it is difficult to expand. If she
added the two sides P (k) with (k + 1)3, then she got:
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13+23433+ -+ k3 +(k+1)3=0Q+4+24+3++k)?+(k+1)3 €))
Meanwhile, what to be proven is P(k 4+ 1). S1 thought that it was not easy to bring (3) into
P(k +1). She thought hard about what to do, read the problem over and over, and tried to
remember something. Then she realized that the sum of k consecutive natural numbers in the

sequence equals k(kTﬂ) as she had proved in the previous problem. She realized that changing the

form of the series on the right-hand side would make it easier for her to perform algebraic
operations. The form she got became

k(k + 1)

2
_ > e+ 1) (4)

13+23+33+---+(k+1)3=<

Initially, S1 did not know what she would do next with (4) to bring it to become P(k + 1).

After paying attention to what she needed to prove, P(k + 1), she realized again that the right-hand

side of P(k + 1) is the sum of k + 1 consecutive natural numbers, equal to W So S1

2 2
needed to transform (@) + (k + 1)3 into (W) . By doing some algebraic operations,

finally, she could bring the form P (k) to P(k + 1). So the problem was proven to be true.

In the induction step, many concepts of algebraic operations are used. Such as addition,
multiplication, fraction, and algebraic factorization. S1 can remember and make good use of these
concepts.

At the looking-back stage, S1 processed the information she had written. She checked
every step she did if there is something wrong, and checked if the proof she constructed was logical
and following her previous knowledge. She also rechecked the truth of some crucial parts in
proving by mathematical induction, such as algebraic operation in induction step. She found that

there is no error in it, and she concluded surely that the formula was proven to be true.

Thinking Process of Student with Negative Attitude toward Mathematics (S2)

On the first problem, S2 began the proof by understanding what she needs to prove. At this
stage, she received information by reading the task sheet and storing the information by
paraphrasing in her language what she had to do and then recalling information in her memory if
she had encountered a similar problem. She stated that she had ever encountered a similar problem,
namely proving a series formula in one of the chapters she studied: the chapter on mathematical
induction. Then she processed the information in the sheet task by associating it with the
information she remembered. Finally, she understood that what she needs to do was proving the
formula. S2 did not have difficulty understanding this problem, but this problem of proof did not
interest her. She felt immediately depressed because she had to work on this proof.

R : "Do you think that this problem is interesting?"
S2 : "Oh, no. It is not interesting at all."
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R : "Do you feel panic or depressed when doing this proving?"
S2 2 "Yes, | am."
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Figure 3. S2's Proving of the First Problem

S2 continued to devise a plan to construct the proof. She recalled information about the
proving method by concerning the characteristics of what to be proven which is using mathematical
induction since the problem is dealing with a natural number and mentioned the steps of the
proving method, which includes the base and the induction step. She felt quite confident about the
strategy. Furthermore, S2 connected her knowledge with the proof problem by stating P (n).

nn+1)
2
At the stage of carrying the plan out, S2 recalled information by explaining how to

P(n):1+2+3+-+n=

construct the base step. In constructing the base step, she substituted the value of n =1 to the
equation. Then she processed it by doing some numerical operations and she found equality.

S2 also checked the mathematical truth for n = 2, and she obtained the result that the
statement is true. From the process she did, she received information that the base step was proven
to be true. Since the base step was proven to be true, she continued to the induction step. She
recalled information about how to construct the induction step: assuming P(k) is true, then

P(k + 1) is also true. Then she processed the information by stating P(k) and P(k + 1) and
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constructing the induction step according to the steps mentioned earlier. She succeeded in stating
P (k) correctly, but she could not express P(k + 1) correctly.
k(k+1)
2
Pk+1):1+2+3++k+1)=k+1
She remembered P(k + 1) was obtained by replacing n in P(n) with k + 1. However,

P(k):1+2+3+-+k=

what she did is replacing the right-hand side of P(n) with k + 1. Also, S2 repeatedly said that she
was not good at mathematics and could not solve this problem. This suggestion causes S2 cannot
think clearly when doing mathematics.

Then S2 added the two sides of P (k) with the (k + 1)-th term, thatis k + 1.

k(k + 1)
14243+ +k+(k+1)=———+k+1
k2 +k
14243+ -+k+(k+1)= +k+1 )

When equating the denominator on the right-hand side of (5), she did not multiply k + 1 by 2

K>+k+k+1
1+2+3+---+k+(k+1)=—2
k?+2k+1
1+2+3+---+k+(k+1)=—2 (6)

Since (6) did not match P(k + 1), S2 looked back to the process. But she only checked the
algebraic operation in the induction step instead of checking the whole process from the beginning.
She was sure that there must be something wrong. She thought that the right-hand side of (6)

should be k + 1, as in P(k + 1). She found that she had a mistake when adding k22—+kWith k+1in

(5) because k + 1 should be multiplied by 2. Hence, she started the induction step again by adding
the two sides of P(k) with k + 1. She did some algebraic operation, and she got this form

k% +3k+2
14243+ tk+(k+1)=—— ()

She got stuck again because she knew that this formula is not equivalent to P(k + 1). She
was sure that P(n) was true without proving it, but she did not know how to prove that if P(k) is
assumed to be true, then P(k + 1) is true. Because she felt tired and desperate, she immediately
wrote down

1+2+3++k+k+1)=k+1 (8)
although she knew that (7) # (8). She did this because she did not want the proving process to
stop halfway as well as did not want to linger with this problem of proof.

S2 ;"I don’t know. I am confused. I know from the beginning that I will not solve
this proving well. Whatever | do there must be a mistake."
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S2 then looked back to her process from the beginning, and she realized that the P(k + 1)
she wrote was wrong, but she did not want to try again because she felt hopeless and was sure that
she would fail. In fact, what S2 has written was correct. We can write (7) as

(k + 1)2(k +2) @

where (9) is the correct form of P(k + 1). Because the P(k + 1) she wrote was not correct, she

14243+ +k+(k+1) =

thought that (9) was wrong. If the P(k + 1) she stated was true, she would have possibly solved the
proof completely.

On the second problem, S2 began the proof by understanding what she needed to prove. At
this stage, she received information by reading the task sheet and storing it by paraphrasing what
she had to do in her language. After reading this problem, she said that this problem of proof did
not interest her at all. At this stage, S2 recalled information in her memory if she had encountered a
similar problem. She knew that the problem in the task is a proof problem, but she had to translate
it into mathematical expression first. Then she processed the information in the sheet task by
associating the problem with her knowledge to find a mathematical expression with respect to the
given information on the problem. Because she felt under pressure, it implies that the recalling and
processing of information are not going well. In recalling and processing information, S2 has
difficulty because the proof she usually encounters is already in a mathematical expression.
However, she was still trying to solve this problem. Then she stated what to be proved in
mathematical expression as follows.

13+23433+-+n3=12+22+32+--+n?
She was sure that the equation to prove is that equation, so she began to devise a plan.

R : "Are you sure that this expression is what meant by this problem?"

S2 2 "Yes, | am."

When devising a proof plan, S2 processed the information in the task sheet by considering
the characteristics of this problem of proof. So, she recalled information regarding the proof
method that suitable for the characteristic of the problem. She decided confidently to prove the
problem using mathematical induction because this problem related to natural numbers. S2 also
succeeded in retrieving information about the steps of the proof method using mathematical
induction, which includes the base and the induction step. Then S2 processes the information by
relating this problem to her knowledge by stating P(n).

P(n):13+23+33+--+n3=12+22+32+--+n?

At the stage of carrying out proving, S2 recalled the information by explaining how to
construct the base and the induction step. In compiling the base step, she stated that she only need
to substitute the value of n = 1 to P(n). She processed the information by applying it directly to
the equation and she found equality. So the base step was proven to be true. Then S2 continued to

the induction step. She recalled information about how to construct an induction step; assuming
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P(k) is correct, and she will show that P(k + 1) is also correct. Then she processed the
information by stating P(k) and P(k + 1) and arranging the induction step according to the steps

mentioned earlier.
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Figure 4. S2's Proving of the Second Problem

In the induction step, S2 was having difficulty. She could state P(k) and P(k + 1)
correctly according to the equation she wrote earlier, but she did not know how to bring P (k) into
P(k + 1). She tried to add both sides of P(k) with (k + 1)3, but she still did not know what next
step she needs to do. Then she looked back to her process, and she doubted whether the P(n) was
true or not. She substituted n = 2 to the formula and found that it was wrong. So, the P(n) she
wrote is wrong. Then she gave up and did not try to solve this problem anymore because she had
already felt tough in the first problem and could not find a way out, so she was sure that she would
experience the same thing in this problem.

Based on the description above, we can see the different process of the student with
positive and negative toward mathematics in proving by mathematical induction. The student with
a positive attitude toward mathematics tends to be more successful in constructing the proof. The
statement is in line with the finding of Marchis (2013) that attitudes towards mathematics are
positively correlated with the ability to solve mathematical problems. The attitude affects the
success in constructing proof and, of course, affects the thinking process while constructing it.

The student with a positive attitude toward mathematics thinks that the two proof problems
are interesting. She always feels challenged when dealing with mathematical problems, so that she
is motivated to solve them even though they are difficult. She also does not give up easily when
dealing with difficulties, and she always tries to correct her mistakes when she finds them. Strong

motivation to do mathematics makes her able to get good mathematics results (Tella, 2007).
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In contrast, the student with a negative attitude toward mathematics felt pressured because
she had to work on the proof problem. It also noted in the questionnaire that she could not think
clearly when working on mathematics problems. This feeling indicates mathematics anxiety. Akin
and Kurbanoglu (2011) state that mathematics anxiety is negatively related to attitude toward
mathematics. It makes her having difficulty in processing information. It can be seen when
compiling the induction step in the first problem. She could remember how to express P(k + 1),
but she could not process the information well, so what she does is not match what she says. As a
result, the P(k + 1) she wrote was wrong. In line with what Jones (2007) stated, mathematics
anxiety disrupts the ongoing task-relevant activities of working memory, slowing down
performance and degrading its accuracy.

Also, it was noted that when working on proving, S2 always said that she would not be
able to finish the proof properly no matter what she did. So she did not want to linger with the
proofs and gave up quickly. This statement is negative self-judgment which is considered as one of
the characteristics of a negative attitude towards mathematics (Marchis, 2015). Negative self-
judgment shows that S2 has low self-confidence. She does not believe in her ability to be
successful in constructing the proof. As mentioned in Ciftci & Yildiz (2019), individuals with low
self-confidence may avoid complex tasks, perceiving them as threats and giving up quickly when
they encounter difficulties.

When the student with a negative attitude toward mathematics found her error in
constructing the induction step at the first problem, she still tries to fix it. It shows a positive
attitude toward mathematics. Although she has a negative attitude toward mathematics, it does not
mean that she has a totally negative attitude. Sometimes, she also has a positive attitude because
attitudes sometimes can change dramatically in a relatively short time (Hannula, 2002). However,
her effort to fix her error is not successful. She still gets stuck and cannot solve the proof
completely. Her unsuccessful effort in the first problem causes her to easily give up on the second
problem, as Hannula (2002) stated that one's experience affects his/her attitude. She is sure that she
will not complete the proof as to the first problem. The low self-confidence makes her easily give
up before she even tried to construct the induction step.

In constructing proof by mathematical induction, difficulties are encountered not only by
the student who has a negative attitude toward mathematics (Cift¢i & Yildiz, 2019). The student
who has a positive attitude toward mathematics also experiences some difficulties, but she can
respond positively. She faced these difficulties with confidence and did not give up easily. Ciftci &
Yildiz (2019) mention that individual with high self-confidence typically make more tremendous
efforts to complete a task and are more persistent in the face of challenges. Hence they tend to be
more successful in mathematics.

At the stage of understanding the second problem, it shows that a student with a positive

attitude toward mathematics has her strategy in resolving her difficulties, as written in the
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questionnaire that she is comfortable expressing her ideas on how to look for solutions to a
complex problem in mathematics. She also enjoyed studying and doing mathematics. The more
students enjoy mathematics, the more they are likely to engage in problem-solving, thus enhancing
their learning and performance (Mazana et al., 2019). When arranging the induction step in the
second problem, she reencountered a difficulty. She finds it difficult if she has to deal with
squaring the series. But she did not give up. She kept thinking and trying to remember various
things. In the end, she can solve the problem by relating it to the series formula in the first problem.

This positive attitude made her able to complete the proof thoroughly.

CONCLUSION

The student with a positive attitude toward mathematics can construct the proof of the two
problems completely, while the student with a negative attitude toward mathematics cannot
construct both of them completely. They both construct the proofs by understanding the proof
problem, devising a plan, carrying out the plan, and looking back. But the process is not linear,
there is some repetition in some stage. In each stage, they receive, store, recall, and process
information relating to the proof problems. They both can recall information about the
characteristics and the procedure of proof by mathematical induction. However, the student who
has a negative attitude toward mathematics cannot process the information because she is too panic
and feel depressed when constructing the proof. Hence, the processing of the information does not
go well. She also feels pessimistic and unsure of her abilities, so she quickly gave up when dealing
with some difficulties. In contrast, when the student who has a positive attitude towards
mathematics finds some difficulties, she always tries to find a way out by expressing her ideas
comfortably without feeling pressured. When she finds an error in her work, she always tries to fix
it until she solves the proof completely.

From this study we can see that sometimes the failure of students in constructing proof is
not because they do not have knowledge about it, but because of their negative attitude towards
mathematics. For this reason, it is important for teachers to make students have positive attitude
toward mathematics. Teaching mathematics in a fun way to make them no longer think that
mathematics is something scary and do not feel under pressure when working with mathematics,
giving appreciation to motivate them, and using real world problem to show that mathematics is
useful in our daily life are some ways to make students have more positive attitude toward
mathematics.

This study is still limited in constructing mathematical induction proof of female students
with high mathematical ability. For further research, we recommend other researchers to study how
the thinking process of students with different attitudes toward mathematics combined with another

aspects, such as with different genders or different mathematical abilities, in another material.
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